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Let K be a non-archimedean non-trivially valued complete field. An algebra 
A over K has unique Banach algebra topology if each two (non-archimedean) 
Banach algebra norms are equivalent. Our aim in this paper is to prove 
Theorem 1 below. The rather strange looking condition that the algebra is not 
a field is not superfluous since it is known ([l], [3]) that on CP, the completion 
of the algebraic closure of the p-adic number field QP, there exist infinitely 
many inequivalent QP-Banach algebra norms. 
TERMINOLOGY. A topological zero divisor in a K-Banach algebra A is an 
element s E A, s # 0, for which there exist sequences x1, x2, . . . and yl,y2, . . . in A 
such that inf,, 11x,, II> 0, inf, 11~~ 11 >O, lirnn+= x,s = limn+, sy,, = 0. A norm 1) 11 
on a K-algebra A is multiplicative if llxyll = llxll llvll for all x,y~A. For a K- 
algebra A, let Al be the set of all pairs (a,Iz) (ae A, 1 E K). With the 
operations defined by the formulas (a, A) + (b, p) = (a + b, L +,u), (a, L)(b, ,u) = 
= (ab + Ab +pa, Q), a(a, A) = (aa, al) (a, b E A, &p, a E K) Al becomes an 
algebra with identity (0,l). If A is a K-Banach algebra with respect to II II then 
the formula II (a, A) II = max (Ilall, InI) (ae A, 2 E K) defines a K-Banach algebra 
norm on A,. We view Al as an extension of A. 
THEOREM 1. Any K-Banach algebra whose norm is multiplicative and which 
is not a (skew) field has unique Banach algebra topology. 
Theorem 1 is a corollary of Theorem 2. 
THEOREM 2. Any K-Banach algebra without topological zero divisors, and 
which is not a (skew) field, has unique Banach algebra topology. 
For the proof of Theorem 2 we need two lemmas. 
LEMMA. Let A be a K-Banach algebra without an identity, without topo- 
logical zero divisors. Then no element of A is a topological zero divisor in A,. 
PROOF. Suppose s E A is a topological zero divisor in Al ; we derive a contra- 
diction. Without loss we may assume that x~xs is a homeomorphism of A onto 
As. There is a sequence n-(x,, A,) in Al such that inf, [1(x,,, 12,,)11> 0 and 
limn-+- (x,,&) (s,O)=O i.e. lirnn.+- (x,s+ &s) = 0. If for some sequence 
n,<n2<... we would have limi,oD & = 0 then inf (Ix,+ II> 0 and lim ;+a xn,s = 0 
which would imply that x-xs is not a homeomorphism. Hence, inf, j&l > 0 
and limn+, (1; ‘x,s+s) = 0. It follows that s is in the closure of As. But As is 
closed so s E As and there is an element e E A for which s = es. For each x E A 
we then have (xe - x)s = 0 so xe =x. As e is not an identity of A there is an 
element t E A with et # t. But (et - t)2 = 0 so et - t is a topological zero divisor. 
Contradiction. 
LEMMA. Let A be a K-Banach algebra with identity, let x E A be the limit of 
a sequence of invertible elements. Then either x = 0 or x is invertible or x is a 
topological zero divisor. 
PROOF. Suppose x#O, x is not invertible. We prove that x is a topological 
zero divisor. Let x = lim,,, x, where the x,, are invertible. For n, m E N we 
have ~~x~‘-x~l~~=~~x~l(x,-xx,)x~l~~~~~x~l~~ Ilx;;‘II [lx,-x,/I. If n-llx,II-’ 
were bounded then y: =lim,,+, xi’ would exist and x- ’ = y. Thus, we may 
assume that lim,,+,, /lx, II- ’ = 03. Choose A,, E K, cl, c2 E (0, ao) such that for all 
n E N cl I IIn; ‘x; ’ 1) I c2. Then lirnn.+- )&I = 00. Set t,: = A; ix; ’ (n E N). Then 
inf, lItnIl >0 and lim,,, tnx=lim,,,m (A; lx; ‘(x-x,) + A; ‘) = 0. Similarly, 
lim,,, xt, = 0. We conclude that x is a topological zero divisor. 
DEFINITION. Let 11 II and I( 11’ be K-Banach algebra norms on a K-algebra A. 
The separating seminorm d of 1) I( and II 1)’ is defined by 
d(x)=inf {max (Ilsll, Iltlj’):s,tEA, s+t=x}. 
One verifies easily that d is a seminorm and that Ker d is a two-sided ideal. 
If d is a norm then (I II and (1 I(’ are equivalent. This is a simple consequence of 
the closed graph theorem ([2], 3.5). 
PROOFOFTHEOREM 2. Let (A, 11 /I) satisfy the conditions of the theorem and 
let (1 (I’ be a second Banach algebra norm on A. Let d be the separating 
seminorm of I( (I and II I(‘. Let XEA, d(x) =O. It suffices to prove that x=0. Let 
1 E K, A # 0. Then d(Izx) = 0 so there is a sequence x1, x2,. . . in A for which 
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limndm l(x,(l’=O, limn-tol Ilnx-xnll =O. F rom the first limit we infer that 1 -x,, 
is invertible (in At if A has no identity) for large n and from lim,,, I( 1 - Ix - 
- (1 - x,) 1) = 0 we obtain that 1 - AX is the 11 I( -limit of a sequence of invertible 
elements, hence so are X-L-’ and x=liml,l+, (x--A-‘). If A has an identity 
we can conclude, by the second lemma, that x is either invertible or 0. If x were 
#0 we would have that the two-sided ideal Ker d consists only of invertible 
elements and 0 so that A = Ker LI is a skew field, a contradiction. Thus, x = 0. 
If A has no identity then x is not invertible in Ai so, by the second lemma, x 
is a topological zero divisor in Ai or x= 0. By the first lemma no element of 
A can be a topological zero divisor in A,. Again, it follows that x= 0. 
COROLLARY. Let A be a K-Banach algebra with a multiplicative norm, A not 
a skew field. Zf II I( ’ is a second Banach algebra norm on A then (I I/‘- II 11 and 
even II II’? II II. 
PROOF. Only the last inequality needs a proof. There is an M>O such that 
\IxlI 1A4llxll’ for all XE A. After substituting x=y” and taking n-th roots we 
obtain, using the multiplicativity of \I 11, llyll IM”“II~II’ for all n E N. The 
desired inequality follows after taking limits. 
COROLLARY. On each K-algebra which is not a skew field there exists at most 
one multiplicative K-Banach algebra norm. 
REMARKS. 
1. The above proofs work (with obvious modifications) equally well for 
complex Banach algebras. However, the results seem to be less interesting in 
this case. 
2. For other results in this area, see [l], [3]. 
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